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�
A
�

method is introduced to representmany-body systemsof arbitrary dimensionality by planar
curves.� The positionsand momentaof the particlesare the parametersof a time-dependentnonlinear
transformation,
	

which mapsthe many-bodydynamicsof the real systemto the motion of the curve.
The



descriptionof the systemasa point in a multidimensionalphasespaceis thus replacedby a two-
dimensional
�

continuousline. Expressionsfor the curvaturealong the curveandthe dynamicstructure
factor are obtained. The formulation holds for Hamiltonian and non-Hamiltoniansystems,and two
explicit� examplesareanalyzed:harmonicoscillatorsanda quadraticsystem. [S0031-9007(97)02340-5]

PACSnumbers:03.20.+i

An


important themein scientific studiesis the inter-
pretation� and understandingof variousphysical theories
and� formalismsin termsof geometry. This themedomi-
nated the studiesof giants such as Euclides,Riemann,
Minkovsky, andEinstein. Onemanifestationof this idea
in contemporaryscience,which focusesmuchattentionin
manyfields,is therelationof partialdifferentialequations
to
�

symmetrygroupsandgeometry.Anotherrelatedaspect
concerns� the shapeand motion of curvesand surfaces,
which,� besidesits theoreticalrelevance,is alsoof practical
importance
�

where the dynamicsof interfacesand fronts
is
�

of interest. Examplesaboundin natureandin techno-
logical
�

applications:solidificationprocesses,shockwaves,
kinematics
�

of polymers,and motion of line vortices, to
name� a few.

Here
�

a different aspectof the usefulnessof geometri-
cal� representationis explored:thepossibility to described
many-bodysystems(MBS) asplanarcurves. Theformal-
ism to be developedherehasseveralintriguing aspects:
First, it enablesa low-dimensionalvisualizabledescrip-
tion
�

of systems. Second,it helps representingthe sys-
tem’s
�

dynamicsasa moving curve,which in manycases
is
�

moreaccessibleto bothnumericalandanalyticalstudy.
Third,
�

the correspondencebetweenthe distributionof the
particles� of the MBS and the morphologyof the curve
gives� a new handleon statisticalanalysisof multiparti-
cles� physicalsystems. Fourth, in many circumstancesa
continuous� two-dimensionalcurverepresentationof a sys-
tem
�

of N
�

particles� hasan advantageover the traditional
view� of a systemas a point moving along a trajectory
in somehuge6N

�
-dimensionalphasespace. An interest-

ing application of this formalism is to communication,
where� the curve’s configurationcan representa compli-
cated� dataandcanbeusedasanefficientmethodfor data
reduction,storage,and presentation. In this context,the
curve’s� dynamicsis a sequenceof successivetime step
configurations� that correspondto a seriesof information
strings. This formalism is applicableto any dynamical
system,Hamiltonian and non-Hamiltonian,describinga

set of time-dependentvariables. Two examplesare ex-
plicitly� discussedbelow.

Consider
�

a MBS consisting of two-speciesparticles
a� and� b

�
of� equal numbers. For simplicity, the systems

discussed
 

herewill be assumedto havean evennumber
of� particles, but this does not limit the formalism; an
odd� numberof particlescanbe augmentedby a fictitious
extra! particle with a predesignedbehavior. In systems
of� only onespeciesonecangeneratean imageof all the
particles,� which arethentreatedasthe secondspecies,as
detailed
 

below. The systemis presumedto follow a set
of� dynamicalequations"#%$'& (*),+.-'/ 021436587'9;:<9>=>=?=@9;ACBEDGFIHKJ;LNM (1)

�
Denotingby OQP'R S*TIUWVX.Y'Z [ the

�
momentaof the particles,

we� canconstructa newsetof equationsby differentiating
the
�

set (1) andreplacingthe momentafor the derivatives
of� thepositionson theright-handside:\]Q^'_ `baIc%dfe g2hjikmlonprqts (2)

�
If
u

the systemis Hamiltonian,for example,the two sets vw
and� xy can� becastin theform of Hamilton’sequations(see
below),
z

which meansthat Eqs.(1) and (2) are derivable
from a scalarfunction H. Our goal now is to represent
the
�

MBS at� any momentin time by
z

a planarcurvewhose
properties� are uniquely determinedby the momentary
values� of the particles’ positions and momenta. The
representative{ curve is a complexfunction |~}����?��� whose�
real{ and imaginary parts denote,respectively,the x� and�
y� coordinates� of the curve in a complex plane. The
parameter� s� runs{ along the curve and takes on values
between
z

0 and �<� , and t� denotes
 

time. It is convenient
to
�

describethe curve as the limit of a function �������>��� ,
which� is definedover the entire complexplane. To this
end! we considerthe following conformal meromorphic
map from the outsideof the unit circle in the complex
z� plane� onto the outsideof a simply connected(Jordan)
curve� in � complex� plane �������,� � ,¡£¢

¤¦¥¨§G©«ªK¬

®°¯²±

³�´¶µ«·¹¸ º
»½¼I¾À¿?Á ÂÄÃ (3)
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where� ËÍÌ'Î Ï*ÐGÑ%Ò'Ó ÔÖÕI×ÙØQÚ'Û Ü . For brevity, denotein the
following
Ý ÞÀß¹à á

by
zãârä

and� åÀæ?ç è by
zêéìë

. Thecurveis recov-
ered! from í by

z
taking the limit îðï�ñ�ò>ó�ôöõ lim

�ø÷úùìû°ü ý?þ�ÿ��������
.

We
�

can now study the kinetics of the map by following
the
�

motionof theparticles. IntegratingEq. (3) yields

	�
�����
�����

���
ln ������� �"!$# (4)

�
where� the coefficients %'& are� the residuesof the product
in
�

(3) at thepoints (*),+.-0/ 1 ,
2�35476�8 9;:�<'=">@?

ACB D�E
F G*HJILKMN O;P�QSRTVUXW

Y[ZJ\^]

Thesecoefficientsare independentof the spatialcoordi-
nate z� but

z
can vary with time. The map is conformal-

meromorphic,andwe requirethereforethat it possessno
branch
z

far from the unit circle, viz., _�`�acbedgf , whereh
is
�

a contourat i5jlk . Upon integratingEq. (3) it can
be
z

readily foundthat this conditionimpliesm
npo�q

r'sutvxw
(5)
�

which� canbeshown[1] to beequivalentto requiringthaty
zp{�|

}'~^� �
�����

� ���
(6)
�

It would be appropriateto term condition (6) “dipolar
neutrality” becausethe different speciescan be regarded
as� positive and negative chargesof a charge neutral
system. Equation(6) thenrepresentsthevanishingof the
dipolar
�

sumof N
�

two-dimensional
�

vectorseachextending
from a positive particle to a negative, with the pairs
chosen� arbitrarily. The conditionsof chargeand dipolar
neutralityarenecessaryfor mappingthe unit circle in the
z� plane� onto a simply-connectedcurve in the � plane.�
Before
�

continuing, let us make precisethe definition of
the
�

secondspeciesin a one-speciessystem: Given K
�

particles,� define a new particle �$� whose� dynamicsare
suchthat thedipolar sumalwaysvanishes, � �������'�^�g� .
Now
�

define ����� imageparticlesby �  ^¡£¢L¤'¥ as� the
secondspecies(poles). The new system has ¦¨§l©«ª
particles� thatcanbedescribedby thepresentformalism.

The description of the curve in Fourier modes is
obtained� as follows: Using relation (5), expandrelation
(4)
�

in powersof z� ,
¬�¯®�° ±²´³�µ

¶�·¹¸�º¼»¾½X¿�ÀÂÁ ÃÄ
Å
Æ�Ç�È

É�Ê�ËÍÌÊLÎ
(7)
�

and� take the limit Ï^Ð exp! ÑÓÒÕÔ×Ö . Note that the quantityØ�ÙÛÚ�Ü
can� beregardedasthek

Ý
th
�

momentof thedistribution
of�ßÞ à , with (complex)weight á�â"ãSâ . We point out that
the
�

time dependenceof the curve entersonly through
the
�

coefficientsä�åçæéèëê . The form of ìîí�ïñð in (7) is called
univalent,ò a classof functionswhosepropertiesare well
known. In particular,for sucha function to maptheunit
circle� onto a simply-connected� curve,� it is sufficient that

the
�

coefficientsó$ô satisfytheBieberbachrequirementõ öc÷.ø�ù¯ú�ûýü�þ«ÿ������
(8)
�

This
�

condition may be, however, too strong, an issue
that
�

will be addressedelsewhere[2]. The aboveis the
bare
z

resultof this paper:the mappingof a discreteMBS
onto� an equivalentcontinuous� planar� curve. Before we
continue� we notethat theMBS canberecoveredfrom the
kineticsof thecurve: Giventheequationfor �	��
����� , �����

, where � is a function of F, ��� , z� , etc.,perform the
following Cauchy-integralalong a contour that contains�������� 

or��!#" ,$
%&(' )+*-,.0/21+3547698;: <=?>(@ ACBEDGF2H+I5J7K9LNM

This yields the equationof motion of that particle, OP�QSRUTVXWY[Z or�]\^#_ ).� Thustheseemingincreasein dimensionality`
finite a infiniteb is an artifact of the nonlineartransfor-

mation, and the continuousdescriptioncontains,in fact,
no informationbeyondtheoriginal system. Onecannow
translate
�

anyof thequantitiesthatareusefulfor thestudy
of� MBS to the curve representationand vice versa. For
example,! ausefulmeasurealongthecurveis thecurvature
expressed! asa functionof theparameters� . A straightfor-
ward� calculationshowsthat, in termsof thepositionsand
momentac of theparticles,thecurvatureis givenby

dfe�gih-j kl m5npo q;rtsvu
w
xzy|{ }

~���0���N��� �S������ � (9)
�

where� ���;�������-��� when� �������+�¡  , represents the
“charge” of the particle. Thus the value of the curva-
ture
�

at eachpoint s� along� the planar curve is uniquely
determined
 

by theparticularconfigurationof theparticles¢¤£
, making the planar curve descriptiona one-to-one

representationof theparticlesconfiguration.
Anotherquantityis thecurve’sdynamicstructurefactor

defined
 

through

¥§¦�¨f©�ª¬«- ®°¯C®9¯S±7²|³7²|³µ´¶�·?¸º¹2» ¼�½�¾9¿ÁÀ�Â�Ã[Ä�ÅÇÆUÈ+ÉµÊÌËÎÍ�Ï�Ð+Ñ ÒÔÓÕ�Ö ×ÙØÚÜÛ?Ý ÞÜßà�á âÔã
(10)
�

Using
ä

Eq. (7) in (10) we find thatå§æ�çfèÎé¬êNëíìî¡ï�ðÙñNòSóô�õSö�÷ùø¬ú¡û
(11)
�

where� üý�þiÿ���� is the Fourier transform of �����
	�� . These
two
�

quantitiescan also be usedfor a statisticalanalysis
of� the curve’sshapeand its correspondenceto the initial
system’sstatistics.

Next
�

we want to derive the relation between the
dynamics
 

of the particlesand the motion of the curve.
Clearly,
�

the evolution of the curve is dependenton the
kinetics
�

of theparticlesthroughtheir equationsof motion,
(1)
�

and(2). Theevolutionof themap ���������� is
�

governed
by
z

thepartialdifferentialequation���� �
��� �

!"$#
ln %�&('*),+.-0/2143

56,7
8(9;:=< > (12)

�
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Using
ä

their definition, the valuesof ?A@BDC can� be expressed
in termsof E$FGIHKJ , which in turn aregivenby thefunctionsLM and� NO in

�
Eqs.(1) and (2). Thusthe entiresumon the

right-hand{ sideof (12) canbe expressedin termsof only
the
�

momentarypositionsand momentaof the particles,PQSRUTV�WYX
Z$[]\�^
_a`�b
. Taking againthe limit ced exp! f
gih�j in

�
F
k

gives� the requiredequationof motion of lnm�oqp]r�s , which
establishes! thecorrespondencebetweenthecurveandthe
MBS dynamics.

Hamiltoniandynamicalsystemsform a specialclassof
MBS,
t

where uv and� wx are� relatedby a scalarenergyfunc-
tion.
�

Considera systemof two N
�

-particlespecieswith the
Hamiltonian
� y{zY|
}�~]�
�
�4���

and� canonicalvariables �
���.� ��� ,������� ���
, ���$�]� ��� , ���n�]� ��� . The dynamicsfollow Hamilton’s

equations:!
 ¡A¢¤£ ¥0¦ §K¨©«ª=¬K ®�¯ °±a²¤³ ´0µ·¶¹¸Kº»K¼A½¤¾ ¿IÀ (13)

�
In termsof the complexvariables ÁIÂ¤Ã ÄeÅÇÆ ÈKÉ ÊÌË2ÍiÎ=Ï¤Ð Ñ ,
Hamilton’sequationscanbewritten asÒÓÕÔ¤Ö ×0ØÚÙÕÛÝÜ«Þ{ßáà�âIãäKå æ4ç
where� èêéë{ìÇí îðïÇñiò=ó is the complex conjugate ofôÕõ

. Substituting relations (13) in (1) and (2), and
usingò the aboveformulation, gives the dynamicsof the
equivalent! curve. SinceHamilton’s equations,(13), hold
in any dimensionwith the different spatial components
of� the positions and momenta treated as independent
degrees
 

of freedom,thenthepresentformalismmapsany�
d-dimensional
ö

systeminto
�

a planarcurve.
For
÷

illustration,let usanalyzetwo examples:thefirst, a
systemof (canonical)harmonicoscillators. For clarity,
I focus on four particles undergoingsimple harmonic
oscillations� in onedimension:

øÚù úû üþý ÿ�� �
�
�����

	�
�� �� ������� ��� �����
(14)
�

where� the particles(andtheir dynamics)aresymmetrical
about� the origin, asshownin Fig. 1. The generalization
to
�

higherdimensionsandto moreparticlesis straightfor-
ward.� Thetrajectoriesare

� ��! "$#�%'&�( )+*-,/.�0 1�2 cos�4365'798;:�< =?>A@�B
CED�F G$HJIK L�M NPO (15)

�
where� QSR�T U , V/W�X Y , and Z/[]\ ^ are,� respectively,the am-
plitudes,� the normalized central positions, and the
phases� of the oscillations. Since the b

�
oscillators� are

the
�

mirror image of the a� ’s at any time, the system
is automatically charge and dipolar neutral, and we
have _'`�a bdc�eSf�g hjilk'm , npo�q rtsvuxw/y�z {j|~}p� , and�;��� �d���;��� ���~�����;�

. The locationsof the polesand
the
�

zerosare shownschematicallyin Fig. 1 both in the
(1D)
�

real spaceand in the complex � -� plane.� Using
Eq. (4), we find that ���t���-��������P ¡?¢�£¥¤§¦E¨d©vªd«�¬ , and

FIG. 1. A systemof four harmonicoscillatorsin one dimen-
sion: (a) in real space,and(b) in the complexplane.

the
�

explicit curvetrajectoryis givenby

�®°¯�±�²´³dµ�¶]·¹¸»º½¼ ¾ ¿ÁÀlÂPÃÄ
Å�ÆEÇ ln È

É¹ÊÌËÎÍEÏ
Ð]Ñ¹ÒÌÓÎÔEÕEÖ (16)

�
This curve is an ellipse that oscillateswith time. The
Fourierrepresentationfollows from (16):×ÙØSÚÜÛ°ÝPÞß�àlá�âã?ä6åçæ�èpéé êìëîíðïòñôó�óSõ

öÙ÷Sø9ùpúüûòý]þ+ý+ÿ��
(17)
�

From this expressionit is straightforward to compute������	��

and,� using(11), ���������� , which turnsout to consist

of� a finite numberof deltafunctions. Thecurvaturealong
the
�

curveis given in termsof theoscillators��� and� ��� as����! #"�$&%(')
*�+-,/.1032�45 687:9 Re ;

<#=
>�?-@/A�B3C�DE3F

GIH/J
K�L!M#NPO:Q(R S T

(18)
U

As a lessstraightforwardexampleconsidera quadratic
dissipative
V

dynamicalsystemWXZY\[^]`_ abadcfe`g-hdifjlk&mon p-q�rts!u`vxw(y
z{}|\~f�o� �b�x���f�`�-�d�f����:�o���d���`�-�`�x�f� (19)

�

with� the initial conditions�����¡ }¢I£¥¤:¦(§©¨«ªI¬® ¯`° ±`²b±`³
and´ µt¶�·¡¸}¹Iº¥»½¼x¾©¿ÁÀ`Â!Ã ÄoÅ ÆbÄ . The evolution of this
systemfollows:ÇÉÈ3ÊfË`Ì�ÍÏÎ`Ð�Ñ8Ò:ÓoÔ Õ×ÖÙØ1Ú½Û`Ü`Ý�Þàß:á×â�ãdäoåçæéèëê

ì}íïîxðòñ	óbóIô`õ�öà÷:øoù úoûÙü1ýïþ-ÿ��������	��
����������� (20)
�
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FIG. 2. A quadraticsystemof two variablesand their mirror
images:(a) the particlestrajectoriesin the � - � plane; (b) the
correspondingcurveevolution.

The assignedparticles are ��� �"!$#&%(')+*-,/.�0
and´

13254&687&9;:<>=-?A@CB
, and the curve representingthis

systemis thengivenby Eq. (16). ThecoefficientsDFE are´
givenG by (17) andthecurvaturealongthecurveis

HJILKNMOQPSRUTV
WYX[Z]\_^S`Nab

c d�e	f
Re

gNhiQjlkUmn
oYprqts_uwvyxNz{Q|	}U~�����	�U��Y�N�� exp� ���r�t� �

(21)
�

The trajectoriesof the particles are shown in Fig. 2(a)
and´ thecorrespondingcurveevolutionin Fig. 2(b). With
time,
� �U�y���

changes� from an elongatedtwisted form (at�3��� )� to an ellipse,while slowly rotatingin the process.
As
� �N�¡ 

the
�

curvetendsto a circle dueto the decaying
solution.

To
¢

summarize,it was shown that any d
£
-dimensional

many-body¤ system,confined to within a finite support,
can� be representedby a closedJordancurve in a com-
plex¥ plane. Thecorrespondencebetweenthedynamicsof
the
�

particlesof theMBS andthemotionof thecurvewas
established.� It wasshownthat an explicit expressionfor
the
�

curvaturealong the curve in termsof the momentary
distribution
V

of theparticlescanbegiven,andthedynamic
structurefactorwasderived. Theapplicationto Hamilton-
ian andnon-Hamiltoniansystemswasillustratedwith two
examples� that wereanalyzedexplicitly. It is emphasized
that
�

thedynamicsof thecurve,which aregovernedby one
partial¥ differentialequation(12), is completelyequivalent
to
�

the finite
¦

setof discreteequations§¨ and´ ©ª , and there-
fore shouldbe useful in analyzingmany-bodysystemsin
general.G It shouldbe notedthat the conformalmapused
hereis only oneof many that can be employedto trans-
form a MBS to a curve,which makesthis formalismquite
flexible.
«

The reductionof the descriptionto two dimen-
sions,ratherthanthe traditionalhugephasespace,is ex-
pected¥ to lead to many advantages,in particular where
statisticalanalysesarerelevant. Theapplicationof statis-
tical
�

mechanicaltools to Hamiltoniansystemswithin this
formalism
¬

is currently one of the issuesbeing explored.
For


practicalpurposes,theplanarcurverepresentationcan
help
®

in datareductionand storage,two key issuesin to-
day’s
V

computational-orientedtechnology. It can also be
used¯ for visual comparisonbetweensystemsandfor pat-
tern
�

recognitionby devicesusingvisual-likeprocesses.
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