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SUMMARY

The morphological details of permeable porous materials impact significantly their macro-scale properties
and in particular transport properties (e.g. permeability). A programme to derive macroscopic behaviour
and responses from pore-scale information is a holy grail in the field. We report here progress on, and tests
of, a recently proposed such a programme.

The main steps of the programme are as follows. The solid phase of a porous material is first skeletonised
into a framework of nodes and edges. Then the local structure is quantified by means of structure tensors,
which describe the shape of novel volume elements called quadrons. Next, the local tensor description is
used in an entropy-based statistical formalism to compute macroscopic structural characteristics as
expectation values over a certain partition function. From the structural characteristics, physical properties
can be evaluated. The 'thickened' structure is taken account of with an additional partition function, giving
more accurate evaluation of structural and physical properties.

Here we present tests for the initial stages of the programme. The tests are carried out on numerically
generated two-dimensional granular aggregates. Specifically, we describe results on the statistics of the
quadrons and the structural tensors.
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I ntroduction

Many industrial processes and applications rely on theoperdnce of porous media ranging from
porous rocks in oil recovery schemes (Dullien 1992) to psrelectrodes in fuel cell technology (Bran-
don and Brett 2006). The physical properties of porous mextid specifically their transport properties,
e.g. permeability and conductivity, depend heavily onrtpere-scale structure. To understand and pre-
dict the behaviour of porous media, one must first quauntiéydisordered microstructure usefully. This
should then be used in a systematic method to infer mactie-pcaperties of porous media given their
pore-scale structure.

Such a method has been proposed recently in two and threasions (Frenkel et al. 2008 and 2009),
based on an entropic formalism to describe the statistidbefpore-scale structure (Blumenfeld and
Edwards 2003 and 2006).

In this paper we first review the general method briefly andartipular the quantification of the struc-
ture. We then report results of the application of this mdthm describe the structural properties of
model two-dimensional (2D) porous media.

M ethodology

Quantification of the microstructure

Given a three-dimensional (3D) porous material,sitdid phaseis first skeletonized reducing it to a
framework of nodes, connected by edges (e.g. the struaturégi 1). This framework is then trans-
formed into a network of connected polyhedra, called ¢batact network This is accomplished by
joining the midpoints of the edges between nodes (see exampig. 2); the midpoints are the polyhe-
dra vertices.

In this framework, the voids are represented by polyhedeis); whose surfaces are made of triangles
and skew polygons. The triangles are the facets of the nolyéguira surrounding the void, and the
skew polygons that they enclose are the (skeletal) throaisighbouring voids.

The method is based on tessellating the volume of the mediurolime elements callequadrons
(Blumenfeld and Edwards 2003 and 2006). We sketch the aartigtn of one such element in Fig. 3. In
2D all quadrons are quadrilateral and in 3D octahedr@ihe shape of a quadron is defined by a tensor,
constructed of three vectors.

The three vectors relate a node, an adjacent cell and areadljgocoat (Fig. 3 (a)). One of these vectors
corresponds to the edge of the node polyhedron. Its diredisuch that if viewed from within the node
polyhedron, it rotates clockwise arround the triangularefa We denote it by®'P since it resides on
cell ¢, the polyhedron of node and the polygonal throgh. A second vector ©'P, joins the centroid
of a facet of the node polyhedron with the centroid of an aglja@olygonal throat (the centroid of a
polygon/polyhedron is defined as the arithmetic mean of éidices). A third vectorR®, joins the
centroid of the node polyhedron with the centroid of an agljicell (this vector is indexed uniquely by
c andv). In terms of this vectors, the quadron shape tensor is dkbfise

CovP — (ECVIO % rcvp) ® R (l)
wherex and® denote cross and outer products, respectively.

The structural features of a quadron are encoded by thigte®r example, the volume of an octa-
hedron is given by the trace of the corresponding teng6YP = %\Tr{CCVp}L The quadrons cover the
volume perfectly, i.e. without overlaps or gaps.

1Except when the number of vertices around a polyhedron islsnthan 4.
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Figure 1. A numerically generated foam structure, represented aaradwork of nodes connected by edges
(Plateau borders). In foam structures, four edges meethtreade.

Figure 2: To construct the node polyhedra in a network structure, joenmidpoints of edges between nodes
around each node. In this picture, four edges meet at eadh, tloekefore, the polyhedra that form are tetrahe-
dra. The voids are represented by polyhedra (cells), whosaces are made of the facets (all are triangles by
construction) of the node polyhedra surrounding the void] the skew polygons that they enclose. The skew
polygons are the (skeletal) throats to neighbouring voids.
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Figure3: (a) Letus focus on one node and its vicinity. For instancecaresider the leftmost tetrahedron of Fig.
2. Three vectors are defined: a vector denoted®yjoins two midpoints around the node (it is an edge of the
tetrahedron); a vector denoted B§'P joins the centroid of a triangular facet of the tetrahedratithe centroid

of an adjacent polygonal throat (the centroid of a polygotylpedron is the arithmetic mean of its vertices); and
a vector denoted bR® joins the centroid of the node tetrahedron with the centofidn adjacent cell. (b) The
vectorsr P and€ VP form a dihedral quadrilateral (a quadrilateral composethaf triangles that are not on the
same plane). Join the four corners of this quadrilateradl wie centroid of the node polyhedron (the 'tail’ Rf")

and with the centroid of the cell (the headRfF¥) to form two pyramids that share a base. The two pyramids form
together a non-convex octahedron; this is a 3D quadron.

In two dimensions, the geometrical construction is coneapt the same, but clearly simpler. It involves
only two vectors (see Fig. 4 (a)). The contact network cosgwipolygons circulating nodes. The
polygon edges, denoted by, join midpoints around nodes. They are also the edges ofgpaly
around voids (cells). Extending a vec®f' from the centroid of a node polygon to the centroid of an
adjacent cell, we obtain another set of vectors. The pairecforsr® andR® are the diagonals of a
quadrilateral quadron; its shape tensor is defined as

C% = (&r®)@R% (2)

whereé = ( 9 %,). Similarly to 3D,C® quantifies the structure of a quadron, and in particularriéa &:
Ve = %]Tr{CCV}\. The anti-symmetric part a2 gives a measure of the deviation of the quadrilateral
from a perfect rhombus (Ball and Blumenfeld 2002).

The geometric construction described above is also afipéida systems of granular aggregates (Fig. 4
(b)), where grains are identified with nodes and the intarglar contacts with midpoints. In both cases,
we construct a contact network and the quadron descriptibowis. This makes it a unified description
of both types of media.

This mathematical description of the structure benefitsifseveral advantages. Firstly, it assigns num-
bers to every point in space. Secondly, it captures the ainitees of the solid phase and the pore
space. Thirdly, The tensorial description captures loesicdptors of the structure that are of interest,
e.g. the throats and the surface area. Fourthly, all therguadare the same polytope — quadrilaterals in
2D and octahedra in 3D. This makes possible an unambiguotieematical quantification, in contrast
to Voronoi-based tessellation methods, commonly usedgorite granular aggregates.

An application of this description is the following. Coneithg the cells that form around the voids and
the polygonal throats that interconnect them, one can wsegh volumes and the throat areas as an
input into a pore-scale network model (a spheres and 'tulmeslel where the spheres represent pores
and the tubes represent throats). Fig. 5 of (Frenkel et @9Pillustrates this application.
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Figure 4: This figure illustrates (in 2D) how the same quantificatioplags both to (a) a framework of nodes
connected by edges (exaggerated dots and dotted lineshamrdgfanular aggregate. The midpoints between
nodes, or the inter-granular contact points, are joined dstarsr ¥ to form polygons around nodes/grains. In
this figure, both media are transformed into the saomact network- a network of connected polygons (colour
filled). The quadrons are defined based on the contact netildri vectors ¥ also form polygons around the
voids (cell9. Extend a vectoR® from the centroid of a node/grain polygon to the centroid mfajacent cell.
The vectorR® and the vector® that it crosses are the diagonals of a quadrilateral quaitashed line). A
qguadron is indexed bgv, namely, it belongs to node/grairand cellc.

Furthermore, it is possible to analyse the statistics ofttineat areas and cell volumes and use these
to construct statistically equivalent such networks. Tiagistical method which allows us to calculate
means is briefly reviewed in the following.

Upscaling from the pore scale

Since the quadrons tessellate the space, the sum of theimesl is the total volume of the system.
A key observation is that they give the volume in terms of loaiables (i.e. the vectors™'P, £°VP
andR®). This allows to use an entropy-based statistical formalimitially proposed for granular
aggregates (Edwards and Oakeshott 1989) and later extemdederal network structures (Blumenfeld
and Edwards 2006).

The entropic formalism makes it possible to evaluate stiratproperties on a scale larger than the pore-
scale by calculating expectation values over a certaintjgarfunction. This formalism is analogous to
statistical mechanics of thermodynamic systems. It isdasethe assumption that all possible pore-
scale configurations (microstates) are available. Whileanventional thermodynamics a microstate
is weighed by its energy, here it is weighed by its volumeyjated by a volume function. Thus the
guadrons are the 'quasi-particles’ to use the languageatiéstal mechanics.

Using this formalism, we can calculate expectation valdesng relevant structural property. For ex-
ample, the expected distribution of the throat areas camloelated to infer local permeabilities, or the
distribution of surface areas, for inferring local heat doctivities. The entropic formalism makes it
possible to go beyond the skeletal structure and take irdowt more realistic geometries of the solid
phase. This is done by incorporating an additional staisensemble that describes the size and shape
of grains that are overlaid on the node polyhedra. The sarmplgeapn the calculation of the throat areas
or thickness of edges. Adding the geometric features leadsxdample to reduced throats (see Fig. 5).

Preliminary results

Two-dimensional granular aggregates

To illustrate the use of the method, examine it and develfysthier, we apply it to numerically generated
structures. For clarity, we choose to investigate first tlimensional systems, which will provide insight
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Figure5: A sketch showing a polygonal throat (solid line) and a reialithroat (dashed line). In this example,
the node polyhedra are overlaid with spherical grains. Tkee af the polygonal throat is obtained from &P
vectors that form it. The realistic throat area is obtairmedthe vectors©'P and the radii of the spherical grains.

Figure 6: The model structure: a 2D dense granular aggregate witheadsszribution as indicated by the proba-
bility density functions (PDF) in Fig. 8. In this figure, thggregate comprises 10000, but the statistics presented
are for aggregates that contain 500000 grains.

into the analysis in general, both in 2D and 3D.

For porous media made of particles, the construction desgrabove requires data about individual
grains and voids. Specifically, it requires knowledge of ititer-granular contacts and which grains
surround each void. The granular aggregates were genesatgeentially, with one grain added at a
time. The construction is purely geometrical and does natl#@ simulation of physical processes
(e.g. collisional or friction forces). The grains are disesose sizes are distributed according to a
limit distribution (see below). With this algorithm, aggeges that comprise 500000 grains have been
generated in few seconds.

Our aim was to study extreme cases — dense and sparse aggre@atd later compare with morpholo-

gies of intermediate densities. To make the aggregatesrae @& possible, we maximised during the
generation process the number of voids surrounded by gxdcde grains (an example for such an ag-
gregate with 10000 grains is shown in Fig. 6). Although ogodthm attempts to generate only such
voids, this is not possible topologically for disc size disitions of finite support, and cells surrounded
by more than 3 grains must form.
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Figure 7: The (a) cell order (the number of grains around a void) andf{p)grain coordination number (the
number of contacts of a grain) superposed PDF's of ten deggregates comprising 500000 grains each.
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Figure8: The grain size (radius) superposed PDF’s of ten dense aafgegomprising 500000 grains each (same
aggregates as in Fig. 7).

Fig. 7 shows the superposed probability density functidisK) of the number of discs around cells
(cell order), from ten aggregates of 500000 grains eachicBltitat over 80% of the cells are surrounded
by three grains (cell ordeg, = 3). The porosity of these packs is low indeed -5P2.

At the beginning of the construction, disc radii are chosamdomly from the intervalRmin, Rmax =
[1.0,2.0] . However, our algorithm allows self-consistent broadgrofithe distribution until it reaches
the limiting form shown in Fig. 8. This form is robust, as emid by the superposition of the PDF’s
taken from ten aggregates.

We have quantified the microstructure of these systemsnmstef quadrons and their shape tensors, and
derived the distributions of the vectar®’ andR°® that define the quadrons. Fig. 9 (a) shows the quadron
volume PDF'’s obtained for ten dense aggregates (the volameesormalised by the mean grain area),
and Fig. 9 (b) shows the PDF’s of the angl® betweerr® andR®. The distribution ofsin(a®’) (not
shown here) peaks sharply aDlmeaning that these angles are distributed narrowly arot2; the
cosine PDF’s show that the spread of angles aragfflis fairly symmetric. PDF’s of the magnitude of
ther® vectors, normalized by the mean disc radius, are given in¥(g).

Discussion

The results presented here are preliminary and aim onlylustiaite the application of the structural
characterisation method to a family of test structures.cBigally, we have analysed the statistics that
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Figure9: The (a) quadron volume, (b) the cosine of the amfiébetweernr® andR® and (c) the magnitude of
r® superposed PDF’s of ten dense aggregates comprising 5@08i08 each (same aggregates as in Fig. 7). The
quadron volumes are normalized by the mean grain (&), and|r| are normalized by the mean grain radius

(R).
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relate directly to the quantification of the microstructbsemeans of quadrons and their shape tensors.

Note that, at the level of the framework, there is a dualitimjleen the grain/node polygons and the cell

polygons. One can regard the former as enclosing the latgtveee versa. Thus every such structure

can represent, in principle, two different physical systemere the voids and solid phases interchange.
Moreover, there is a relation between the mean cell omdeand the mean number of contacts per grain,
%y Zc = %. In our aggregates, = 3.245 andzy = 5.21.

The inverse relation betwee andzy means that the denser the original pack the less dense the dua
one. It follows that the structures that we have analyseduofdense disc aggregates correspond to
very sparse dual granular systems, albeit of a differerttibligion of grain shapes and sizes. The same
observation applies to 3D systems by interchanging theaoelinode/grain polyhedra — an issue we have
started to look into.

In addition to these test structures, we are currently ctiig quadron statistics of structures with inter-
mediate densities. This will help us obtain understandinghe influence of structure on the quadron
characteristics.

We are also currently extending this type of study to thrigeetisional structures, focusing on numeri-
cally generated foam structures. By tessellating into hgBadrons, we intend to analyse their statistics
as a function of different generation protocols that gige io different structures. Foams can be repre-
sented as network structures with nodes connected by Blatwders (edges), as can be seen in Fig. 1.
Foams are special in that they give tetrahedral structimenkel et al. 2008 and 2009). These structures
will be generated using the Surface Evolver software (Bea®B08 and Neethling and Cilliers 2003).

Other than the availability of a software that produces ssithctures, we consider foam structures
because they represent very sparse structures, conskgtieey will give us insight into their dual —
very dense structures.
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