
Granular statistical mechanics: volume-stress phase space, equipartition and
equations of state

Raphael Blumenfeld1,2, Joe F. Jordan1 and Sam F. Edwards2

1 Earth Science and Engineering and Inst. of Shock Physics, Imperial College, London SW7 2BP, UK
2 Biological and Systems, Cavendish Laboratory, J. J. Thomson Avenue, Cambridge CB3 0HE, UK

(Dated: March 7, 2013)

This paper reviews and expands on a recent report[1], showing that the volume and stress ensembles,
often used separately in the statistical mechanics of stable granular systems, are interdependent in
any dimension and must both be used to compute expectation values. We first review the reformu-
lation of the combined partition function and its exact evaluation in 2D, where the volume function
is quadratic in the structural degrees of freedom[2]. Then the use of the exact partition function
to calculate explicitly a number of structural and stress-related expectation values is presented.
These calculations illustrate that structural measureables may depend on the angoricity tensor and
stress-based quantities on the compactivity. This, in turn, demonstrates that the compactivity and
angoricity are not conjugate variables of volume and force moment, as commonly believed. Next,
we highlight a derivation of an equipartition principle: the total volume is shared equally amongst
all the degrees of freedom, both structural and stress-related. This principle makes it possible to
determine the compactivity from macroscopic measurements. In this paper we also outline how
these results can be used to derive equations of state.

PACS numbers: 64.30.+t, 45.70.-n 45.70.Cc

Statistical mechanics is a powerful formalism whose ap-
plication to granular materials, as proposed by Edwards
and collaborators[3–5], was expected to lead to derivation
of macroscopic equations of state and constitutive rela-
tions. Over two decades later we are still far from this
goal. This is due to several reasons: uncertainty over
the identities and number of degrees of freedom (DoF),
the difficulty to even conceptually construct an analog
of a thermometer - a ‘compactometer’, and the hand-
icapping lack of ergodicity. While these problems can
be worked around, a serious concern are the difficulty in
measuring the compactivity experimentally and recent
suggestions that there is no equipartition principle[6, 7]
in agitated systems. Here we report the following results:
First, we show that the correct phase space for static sys-
tems must include both structural DoF (SDF) and force
DoF (FDF). This suggests that many results in the lit-
erature, obtained from either of these ensembles alone,
must be revisited. Second, we derive an equipartition
principle for 2D static systems. Third, we show that,
in these systems, the compactivity can be found from a
macroscopic mean volume measurement.
The entropy-based statistical mechanical of Edwards and
collaborators was based on replacing the conventional
Hamiltonian by a volume function W , such that for sys-
tems of N(>> 1) grains the partition function is[3],

Zv =
∫
e−

W
X0 d{all SDF} (1)

where X0 is the compactivity , which quantifies the fluc-
tuations in the configurations that the system can realise.
The SDF are all the independent variables that determine
the structure of N grains in mechanical equilibrium, hav-

ing z̄ force-carrying contacts per grain [8].
However, it was argued that Zv does not specify com-
pletely the macroscopic state of the system because it
does not account for the entropy due to different stress
states. These stress ‘microstates’ were described by a
separate partition function, Zf [9–11],

Zf =
∫
e
−

P
αβ

1
Xαβ

Fαβ
d{all boundary forces} (2)

where α, β are Cartesian components x, y and Fαβ is a
force moment function (from which the stress σαβ is de-
rived),

Fαβ =
∑
g

V gσg =
∑
gg′

~F gg
′

α R
gg′

β (3)

The sum is over pairs of grains gg′, in contact at Rgg′
as

measured from the centroid of grain g, ~F gg
′

is the force
that g′ applies to g and V g is the volume associated with
grain g. The tensor Xαβ = ∂Fαβ/∂S is the ‘angoricity’ -
an analogue of the temperature and the compactivity[9,
13, 14], where S is the entropy. In the following, S is the
log of the total number of both structural configurations
and stress states. This partition function is based on the
postulate that every structural configuration can support
an ensemble of such microstates. Seeming support for
this idea came from numerical simulations[11, 12].
Consequently, the volume and stress ensembles are con-
sidered independent in the literature, implying that the
total partition function is Z = ZvZf , and results have
been derived from the statistics of one ensemble or the
other. Three arguments have been presented against this
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picture. The first is that the volume ensemble alone can-
not represent all the entropy because it implies differ-
ent configurations under the exact same boundary forces.
But no many-grain experiment can reproduce the same
precise forces on every boundary grain. Only the global
boundary stresses can be controlled. Thus, to predict
experimental measurements, the statistics of the bound-
ary forces must be taken into consideration. The second
argument is that the stress ensemble alone also cannot
represent all the entropy because this ensemble presumes
a fixed structural configuration, to which the ensemble of
boundary forces is applied. Yet, such a many-grain such
a system can be realised only possibly in numerical sim-
ulations, not in real experiments. The third argument is
that the two ensembles are inter-dependent, Z 6= ZvZf .
This is both a result of the above two arguments and of
an inspection of the stress partition function - any expec-
tation value computed from (2) would remain a function
of the SDF unless integrated over all possible structural
configurations.
While these arguments hold in any space dimension, it
is in 2D that this can be used to derive explicit analytic
results. These results illustrate the impact of the argu-
ments and provide new significant insight into the physics
of granular systems in general. Let us define an ensem-
ble of all the configurations that a collection of N(� 1)
2D grains can make in mechanical equilibrium. The en-
semble is constrained to be under the same M external
compressive forces, acting on the boundary grains, and
to have a fixed mean contact number z̄. We disregard
body forces, in the absence of which ‘rattlers’ can also be
ignored, as they do not affect the stress states.

FIG. 1. The vectors ~rq connect contact points clockwise
around grain g. The vectors ~Rq connect from grain g cen-
troids to cell c centroid. These vectors are the diagonals of
quadron q (blue).

We use the quadron description, proposed in [2, 10, 15],
in which the quadrons are elementary volumes tessellat-
ing the granular space). In 2D, a quadron is generically
a quadrilateral whose two diagonals are vectors: ~rq con-
nects contact points around the grain in the clockwise di-
rection and ~Rq extends from the centroid of the contacts
around the grain to the centroid of the contacts around
a neighbour cell (Fig. 1. The volume function is the sum

of all the quadron volumes, W =
∑
q v

q = 1
2 |~r

q × ~Rq|
in 2D (summation over repeated indices implied). It is
important to identify correctly the phase space of SDF,
which consists of a subset of Nz̄/2 ~rq-vectors. This fol-
lows [2], who have shown that the ~Rq-vectors depend
linearly on the ~rq’s and that only Nz̄/2 of the latter are
independent due to the loops they close [8, 10]. Hence,
Nsdf = Nz̄. It is therefore convenient to define the vec-

tor ~ρ ≡
(
r1
x, r

2
x, ..., r

Nz̄/2
x , r1

y, r
2
y, ..., r

Nz̄/2
y

)
, in terms of

which W is quadratic and the volume partition function
is explicitly

Zv =
∫
e−

1
2X0

aqpαβr
q
αr
p
β

Nz̄/2∏
n=1

2∏
i=1

drqi =
∫
e−

1
2 ~ρ·A·~ρdNz̄~ρ

(4)
Here p, q run over quadrons, α, β run over vector compo-
nents x, y and A is a matrix whose elements are

(A)qpαβ =
1
X0


aqpxx q, p ≤ Nz̄/2
aqpxy q ≤ Nz̄/2 , p > Nz̄/2
aqpyx p ≤ Nz̄/2 , q > Nz̄/2
aqpyy q, p > Nz̄/2

Assuming a uniform measure of the SDF and that the
contribution of very large ~r magnitudes is negligible, Zv
can be calculated explicitly

Zv =

√
(2π)Nz̄

detA
(5)

FIG. 2. fqα is the α component of the loop force ~fc, which
contains the quadron q (shaded blue). The loop forces of c
and c′ give the inter granular force at the contact point that

they share, ~F gg
′

= ~fc − ~fc
′
[15]. Quadron p (striped) shares

the same loop as q and hence also the same loop force.

The stress states result from all the possible combinations
of compressive forces on the boundary grains, ~gm (m =
1, 2, ...,M), subject to the constraint that the total stress
on the boundary is fixed [8, 13, 14]. Only boundary forces
that do not drive the system out of its fixed mechanically
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stable configuration are allowed. A key to the explicit
derivation in [1] is the equivalent representation of the
force moment function[2, 15],

Fαβ =
∑
gc

fqαr
q
β (6)

where fqα is the α component of a loop force of the cell
containing the quadron q (Fig. 2). The loop forces are
defined in terms of the contact forces[15], e.g. ~F gg

′
=

~f c− ~f c′ in figure 2. Their advantage is that they automat-
ically satisfy force balance conditions on every grain and
are determined only by the torque balance conditions[15].
For clarity, we specialise the discussion to isostatic sys-
tems (z̄ = 3); extension to hyperstatic assemblies (z̄ > 3)
is possible. Using (6) in (2) we need to integrate over all
boundary forces ~gm

dZf = e
− 1
Xαβ

fqαr
q
β

M∏
m=1

d~gm (7)

Quadrons sharing the same cell have the same loop force
(Fig. 2), which means that only N/2 of the Nz̄ quadron
forces are independent. These forces depend linearly on
the M boundary forces. Defining then a loop forces vec-
tor ~φ ≡

(
f1
x , f

2
x , ..., f

N/2
x , f1

y , f
2
x , ..., f

N/2
y

)
, the solution

for ~φ in terms of the boundary forces is

φcα = Cqmαβ g
m
β (8)

where α, β = x, y, c = 1, 2, . . . , N/2 runs over all cells,
m = 1, 2, . . . ,M runs over all boundary forces and C is
N × 2M matrix. In terms of these, ~fq = E~φ, where E
is a Nz̄ × N matrix. Defining Bqpαβ = X−1

αβ δqp, with δqp
being the delta function, gives

dZf = e−
~φ·ET ·B·~ρ

M∏
m=1

d2~gm = e−~g·C
T ·ET ·B·~ρ

M∏
m=1

d2~gm

The total partition function comprises the phase space of
both SDF and FDF, dZ = dZvdZf

Z =
∫
e−

1
2 ~ρ·A·~ρ−~g·Q

T ·~ρ (dNz̄~ρ) (d2M~g
)

(9)

with the abbreviated notation, Q =BT ·E ·C. As men-
tioned above, the dependence of dZf on the SDF ~rq’s
shows that Z 6= ZvZf . The quadratic form in ~ρ leads to a
Gaussian integral, making it possible to integrate (9) ana-
lytically. Changing variables to ρ̃ = ρ+A−1Q~g separates
the variables in the exponent, giving 1

2~ρA~ρ + ~gQT ~ρ =
1
2
~̃ρA~̃ρ− 1

2~gP~g, where, for brevity, P =QT ·A−1 ·Q.

This form can be used to calculate expectation values.
An important one is the mean volume,

〈V 〉 =
X0

2Z
·
∫ (

~̃ρA ~̃ρ + ~g P ~g
)
e

1
2 (−~̃ρA ~̃ρ+~g P ~g)

(
dNz̄ ~̃ρ

) (
d2M~g

)
which separates into two Gaussian integrals, giving

〈V 〉 =
z̄N + 2M

2
X0 (10)

This result is significant: (i) it is independent of the de-
tails of the connectivity matrix A and of the particular
stress state; (ii) it is an equipartition principle - the mean
volume is shared equally amongst the z̄N SDF and the
2M FDF, with each getting on averageX0/2, analogously
to the mean energy of 3kBT/2 per DoF in thermal sys-
tems; (iii) it provides a way to measure the compactivity
X0 from the experimentally measurable mean volume;
(iv) it makes possible to analyse system by starting from
the assumption that each DoF has a volume of X0/2, as
done standardly in thermal systems with the analogous
3kBT/2.
Other relevant expectation values can also be calculated
by expressing them in terms of ~̃ρ and ~g. Such calcula-
tions are straightforward due to the Gaussian form of the
integrals. For example, after a little algebra

〈Fαβ〉 = − ∂ lnZ
∂ (1/Xαβ)

=
2M∑
i

Rαβii
pi

(11)

〈~ρ · ~ρ〉 = −∂ lnZ
∂Aii

= TrA−1 +
2M∑
i

Tii
pi

(12)

〈~f · ~f〉 = −ηij
∂ lnZ
∂Pij

=
2M∑
i

Uii
pi

(13)

again with abbreviated notations: R = Y T ·CT ·ET⊗A−1·
Q·Y , T = Y T ·QT ·A−1·A−1·Q·Y , U = Y T ·CT ·ET ·E·C·Y ,
Y is the matrix that diagonalises P , pi are the eigen-
values of P , and ηij are straightforward functions of
E and C. Relations (10) and (13) are measureable
experimentally[16, 17], demonstrating the usefulness of
this approach. Furthermore, these results show that, con-
trary to expectations, structural measurable quantities
may depend on the angoricity and stress-based quantities
on the compactivity. For example, the purely structural
quantity 〈~ρ·~ρ〉 is both proportional to X0 and depends on
the Xαβ ’s. Another surprising example is the dependence
of 〈~f · ~f〉, the mean square inter-granular force magnitude,
on both a homogeneous function of order 2 of the Xαβ ’s
and on 1/X0. These are a direct consequence of the in-
terdependence of the structural and stress subspaces.

We next outline the usefulness of this formalism to de-
rive what is arguably the most coveted result of the statis-
tical mechanics of granular matter - equations of state.
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An equation of state is a relation between measurable
macroscopic properties, i.e. between expectation values
derived from the partition function. Such a relation is
also expected to contain a variable that quantifies the
fluctuations, e.g. the temperature in thermal systems.
One equation of state is that relating the mean square of
the boundary forces, 〈~g ·~g〉 and the mean volume 〈V 〉. To
obtain such a relation we first note that 〈~g · ~g〉 = 2∂ lnZ

∂Pii

and that, from its definition, Pij = hiαβγεj
X0

XαβXγε
, where

hiαβγεj is independent of both the compactivity and the
angoricity. It follows that 〈~g ·~g〉 = 2J ({Xij}) /X0, where
J ({Xij}) is a homogeneous function of order two in the
angoricity components, J ({λXij}) = λ2J ({Xij}). Us-
ing now the equipartition principle we obtain the equa-
tion of state

〈~g · ~g〉〈V 〉 = (Nz + 2M) J ({Xij}) (14)

As required, this equation relates the macroscopically
measurable quantities on the left hand side to the mea-
sure of the fluctuations - the angoricity components.
To conclude, we have reviewed several recent results and
derived a new one. The volume and stress ensembles can-
not be considered independent in the statistical mechan-
ics of granular matter - the phase space must consist of
both structural and force DoF. Accordingly, the entropy,
which is the log of all the microstates, is not simply the
sum of the configurational and stress entropies. This calls
into question a large body of work obtained from either
ensemble alone. This conclusion holds in any dimension.
The combined partition function and an exact description
of the volume function in 2D have been used to obtain
analytic expressions for a number of expectation values:
the mean volume, the force moment, the correlation be-
tween distances between intra-grain contact points, and
the square magnitude of the contact force. Interestingly,
structural properties may depend on the angoricity and
stress-based quantities may depend on the compactivity,
demonstrating clearly that the commonly believed con-
jugation of the compactivity with structure / volume and
of angoricity with stress is misplaced. Indeed, the natu-
ral variable is ρ̃, whose conjugate is an involved combi-
nation of the compactivity and angoricity. We reviewed
the derivation of an equipartition principle for 2D static
granular materials – every degree of freedom, whether
SDF or FDF, shares a mean volume of X0/2. This result
opens again the discussion about the relation between the
ensemble statistics and the dynamics of dense granular
matter, where an equipartition principle has been shown
to be absent, at least in the conventional phase space
of positions and momenta[6, 7]. However, since static
granular systems are the equivalent of ‘zero temperature’
granular fluids, our result gives hope that an equiparti-
tion principle may be found for dense dynamic systems
by considering a larger phase space that includes SDF

and FDF. The equipartition principle makes it possible
to compute the elusive compactivity from macroscopic
measurables and the mean coordination number.

We have gone further in this paper to outline how to
use these results to obtain equations of state and derived
explicitly the relation between the boundary loading and
the mean volume as a function of the angoricity compo-
nents. We are looking forward to experimental tests of
this result. Since the interdependence of the structural
and stress ensembles holds in any dimension, it is im-
portant to extend the analysis to 3D. Although analytic
calculations are difficult due to the cubic form of the vol-
ume function in 3D, it should be possible to establish
equivalent results using numerical calculations.
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